Abstract-A cognitive spectrum sharing protocol based on the two-path relay channel is proposed in this paper, where a primary transmitter keeps transmitting new messages to a corresponding receiver and two secondary users alternately decode-and-forward (DF) the primary messages. Upon successful decoding of the primary message, each secondary user superimposes its own message on the relayed message through a certain power allocation. Otherwise, the secondary user simply stays silent. In view of the memorylessness that the DF process at a secondary user in the current time slot depends on the DF process at the other secondary user in the previous time slot, a Markov framework is proposed to analyze the state transitions between staying silent and accessing the spectrum of the secondary users. Based on this framework, the outage probability and throughput are characterized for the primary and secondary users respectively. Our results demonstrate that with a prudential power allocation, the performance of the primary users can be significantly improved and bi-directional communications between two secondary users can be facilitated simultaneously.
I. INTRODUCTION
There has been a growing interest in applying cooperative relaying [1] - [3] in cognitive radio networks [4] - [6] to achieve spectrum sharing between licensed primary users and unlicensed secondary users [7] - [9] , where a performance gain can be achieved for both systems. However, with half-duplex relaying [10] , the primary user has to hold its transmission until the previously transmitted message is forwarded by the relay, before a new message can be transmitted. Question arises as whether cooperative spectrum sharing can be achieved without changing the legacy primary users. For instance, the primary user is a broadcast station that keeps transmitting new messages, meanwhile the secondary user is able to access the spectrum by providing cooperative relaying. Although this seems impossible in conventional half-duplex relay systems, a two-path relay channel shows great potential [10] - [12] . In a two-path relay channel, as shown in Fig. 1 , two relays alternately help forward the messages originated at the source to the destination. When one relay forwards the previously received message, the other relay receives the currently transmitted message. Thus the source is able to transmit a new message in each time slot, which significantly improves the spectrum efficiency. Due to its promising performance, twopath relay channels have attracted more and more attention in achieving spectrum sharing recently [13] - [15] .
A Z-interference channel was considered between a primary user pair and a secondary user pair in [13] . To achieve spectrum sharing between these two systems, two additional relays alternately assist the primary transmitter in its transmissions and meanwhile mitigating the interference seen at the primary receiver due to secondary access. Non-causal knowledge of the secondary messages was assumed at the relays to perform precoding [16] . Results demonstrated a performance improvement for both primary and secondary users. A spectrum sharing scheme based on two-path successive relaying was proposed in [14] , where two secondary transmitters alternately transmit packets to their respective receivers while relaying the primary packet simultaneously. It requires both secondary transmitters to correctly decode the primary signals transmitted in two successive time slots before they are allowed to access the spectrum. Otherwise, both secondary transmitters simply stay silent. Through a proper power allocation at each secondary transmitter to forward the primary and secondary packets respectively, the secondary throughput was enhanced without degrading the outage performance of the primary system. This two-path successive relaying was further exploited to achieve spectrum leasing in [15] .
Motivated by the above works, we consider a cognitive network where a primary transmitter (PT) wishes to communicate to a further away corresponding primary receiver (PR), and two secondary users S 1 and S 2 that wish to exchange information bi-directionally. For both systems to operate properly, we propose a spectrum sharing protocol based on the two-path relay channel. As shown in Fig. 1 , two secondary users take turns to decode-and-forward (DF) the primary messages to PR. Without requiring both secondary users to correctly decode the primary messages transmitted in two successive time slots [14] , as long as the currently transmitted primary message is successfully decoded by a secondary user, the latter gains an opportunity to access the spectrum in the subsequent time slot by superimposing its own message on the relayed primary message. Otherwise, this secondary user simply stays silent. Thus in the proposed protocol, the advantages of a two-path relay channel can be well exploited to serve the primary users as well as facilitate the bi-directional transmissions between the two secondary users.
For the DF performed at two secondary users alternately, due to the inter-relay channels, whether the currently transmitted primary message can be successfully decoded by a secondary user depends on whether the other secondary user has successfully decoded the previously transmitted primary message and accessed the spectrum in the current time slot. In view of this memorylessness, a Markov framework is proposed to analyze the behavior of the secondary users, i.e., state transitions between staying silent and accessing the spectrum. Within this framework, we characterize how frequently the secondary system is able to access the spectrum. Simulation results are presented to show the outage probability and average throughput of both primary and secondary users, which demonstrate a significant performance enhancement of the primary users and meanwhile the bi-directional communications between two secondary users can be effectively enabled.
II. SYSTEM MODEL AND PROTOCOL DESCRIPTION
We consider a cognitive network shown in Fig. 1 , where all users are assumed to operate in half-duplex mode and the channels experience independent block Rayleigh fading. We 
. We denote x P , s 1 , and s 2 as the messages originated at PT, S 1 , and S 2 , with target rates R pt and R 1 = R 2 = R st , respectively.
The transmit powers at PT, S 1 , and S 2 are denoted as P P and P 1 = P 2 = P S respectively. The additive white Gaussian noise (AWGN) at each receiver is denoted as n r where r ∈ {p, 1, 2}, which is assumed to have the identical variance σ 2 . In the initial time slot t = 0, PT transmits a message x P (0). Without loss of generality, we assume that S 1 attempts to decode this message: 1) Upon successfully decoding x P (0), in time slot t = 1, S 1 transmits a composite signal
concurrently with PT's transmission of a new message x P (1), where α denotes the power allocation factor for relaying the primary message x P (0), with the remaining power to transmit the secondary message s 1 (1) that is desired at S 2 . Then S 2 attempts to decode both s 1 (1) and x P (1), with the component of x P (0) as interference. Otherwise, if x P (0) fails to be decoded by S 1 , it simply stays silent and S 2 attempts to decode x P (1) only; 2) Upon successfully decoding x P (1), in time slot t = 2, S 2 transmits a composite signal
concurrently with PT's transmission of a new message x P (2). Conversely, S 1 attempts to decode both s 2 (2) and x P (2), with the component of x P (1) as interference. Otherwise, if x P (1) fails to be decoded by S 2 , S 2 simply stays silent and S 1 attempts to decode x P (2) only; 3) As shown in Fig. 1 , the above steps repeat and as long as the previously transmitted primary message x P (t−1) is successfully decoded by S i where i = 2 − t(mod2), S i gains an access opportunity to transmit a composite signal
concurrently with PT's transmission of a new message x P (t). Then the other secondary user S j , j = {1, 2}/i attempts to decode both s i (t) and x P (t), with the component of x P (t − 1) as interference. Otherwise, if x P (t − 1) fails to be decoded by S i , S i simply stays silent and S j attempts to decode x P (t) only. From (3), conditioned on the event that x P (t − 1) was successfully decoded by S i in time slot t−1, the corresponding received signal at S j and PR in time slot t is given as
where r ∈ {j, p}. Otherwise, if x P (t − 1) failed to be decoded by S i , then only the currently transmitted primary message is received at S j and PR in time slot t, which is given as
Then S j attempts to decode both x P (t) and s i (t), if present, using successive interference cancellation (SIC). Fig. 2 , with the corresponding state-transition probabilities P 00 , P 01 , P 10 , and P 11 respectively.
As shown in Fig. 2 , we can see that there exists a dependence between the DF process at the two secondary users across successive time slots. Due to the inter-relay channels, whether S i can decode x P (t − 1) and gain an access opportunity in subsequent slot t is affected by whether S j has decoded x P (t − 2) and accessed the spectrum in slot t − 1, the former in return will affect whether S j can decode x P (t) and gain an access opportunity in the subsequent time slot t + 1. In view of this memoryless property, the proposed spectrum sharing protocol can be described by a Markov chain [17] , as illustrated in Fig. 3 .
We define π 0 and π 1 as the steady-state probabilities of H 0 and H 1 respectively, for which we have π 0 = π 0 P 00 + π 1 P 10 , π 1 = π 0 P 01 + π 1 P 11 , P 00 + P 01 = 1,
Then π 0 and π 1 can be respectively derived as
Remark 1: From the above analysis, out of L time slots where L is a large and finite value, on average the secondary users are able to access the spectrum for π 1 L slots. In other words, the probability π 1 characterizes how frequently the secondary system is able to access the spectrum. On the other hand, for π 1 L out of L slots on average, the primary messages transmitted from PT are received at PR with a relay copy. Whereas for the remaining (1 − π 1 )L time slots, PT transmits messages to PR directly without cooperation.
IV. PERFORMANCE ANALYSIS

A. State Transition Probabilities 1) :
Conditioned on state H 0 that x P (t − 1) failed to be decoded by S i , from (5), the achievable rate in decoding x P (t) at S j is given as
With target rate R pt , state-transition probabilities P 00 and P 01 can be derived as
respectively, where R pt = 2 Rpt − 1 and η P = PP σ 2 . 2) : Conditioned on state H 1 that x P (t − 1) was successfully decoded by S i , from (4), S j attempts to decode both s i (t) and x P (t). The component of x P (t − 1) in y j (t) is usually known as the inter-relay interference [10] - [12] . Although it provides an independent copy of x P (t−1) to PR, it impairs the reception of x P (t) at S j . Inspired by [12] , we consider using dirty-paper coding [16] at PT. We assume that PT knows the channel state information (CSI) of h 1,2 and h 2,1 , the transmit power P S and the power allocation factor α, which can be achieved through a dedicated feedback channel [12] . Then in each time slot t, PT can reconstruct the inter-relay interference h i,j √ αP S x P (t−1), i, j ∈ {1, 2} and pre-cancel it from x P (t) by using dirty-paper coding [16] . Thus from (4), after dirtypaper decoding, the effectively received signal at S j in time slot t can be rewritten as
where the inter-relay interference is completely removed. Then we consider SIC to decode both x P (t) and s i (t) at S j . Considering the component of s i (t) as noise, x P (t) can be first decoded if event (a) slot common part
occurs, where η S = PS σ 2 . Then the successfully decoded x P (t) can be removed from y j (t) and the remaining s i (t) can be decoded successively if event
occurs, where R st = 2 Rst − 1. Conversely, considering the component of x P (t) as noise, s i (t) can be first decoded if event
occurs. Then the successfully decoded s i (t) can be removed from y j (t) and the remaining x P (t) can be decoded successively if event
occurs.
From (13)- (16), the success event of decoding x P (t) at S j is given as
Thus we have
respectively. With all state-transition probabilities, then we can obtain the steady-state probabilities π 0 and π 1 in (7) and (8).
B. Performance of Secondary System
From the above analysis, the success event of decoding s i (t) at S j is given as
Then the outage probability and average throughput of the secondary transmissions between S 1 and S 2 can be obtained as
respectively.
C. Performance of Primary System
To avoid incurring additional complexity and delay, we assume that the decoding of message x P (t) is performed at PR at the end of time slot t + 1. If a relay copy of x P (t) is received, maximal-ratio combining (MRC) is performed to decode x P (t) using both signals received through the direct link and the relay link. Otherwise, if no relay copy is received, x P (t) is decoded using the signal received through the direct link only. If however, x P (t) fails to be decoded by the end of slot t + 1, an outage is declared.
From (4) and (5), the received signals at PR in different time slots are given in Table I (a). With a probability π 1 on average, a relay copy of the previously transmitted message is received. The component of the secondary message
, 2} is simply considered as noise. From Table I (a), whether x P (t − 1) can be successfully decoded at the end of time slot t is affected by whether x P (t − 2) is successfully decoded and removed at the end of time slot t − 1, the former in return affects the decoding of x P (t) at the end of time slot t+1. Due to this memorylessness, we can similarly characterize the decoding process at PR using a Markov chain. According to the decoding result, we define I 1 as the state that x P (t − 1) has been successfully decoded by the end of slot t, and define I 0 as the complementary state, with the corresponding state-transition probabilities Q 10 , Q 11 , Q 00 , and Q 01 respectively. 1) : Conditioned on state I 1 that x P (t − 1) has been successfully decoded by the end of time slot t, either state H 1 happened that a relay copy of x P (t − 1) was received, or state H 0 happened that no relay copy of x P (t − 1) was received. By reconstructing and removing the successfully decoded x P (t − 1), the effectively received signal at PR in slot t is given in Table I(b). Then the success probability of decoding x P (t), i.e., Q 11 , can be derived in (23), where the first and second terms denote the successful decoding of x P (t) using MRC of both signals received through links PT-PR and S j -PR across times slots t and t + 1, with and without secondary access in slot t, and the third and fourth terms denote the successful decoding of x P (t) using the signal received through the direct link PT-PR only, with and without secondary access in time slot t. Then Q 10 can be readily obtained as
2) : Conditioned on state I 0 that x P (t − 1) failed to be decoded by the end of time slot t, similarly, either state H 1 happened that a relay copy of x P (t − 1) was received, or state H 0 happened that no relay copy of x P (t − 1) was received. Then from Table I(a), the probability of Q 01 can be similarly derived in (25), where the first and second terms denote the successful decoding of x P (t) using MRC, with and without secondary access in slot t, and the third and fourth terms denote the successful decoding of x P (t) using the signal received through the direct link only, with and without secondary access in time slot t. Then Q 00 can be readily obtained as
Defining τ 1 and τ 0 as the steady-state probabilities of I 1 and I 0 respectively, similarly we have
Thus the outage probability and the average throughput of the primary transmissions can be respectively obtained as
V. SIMULATION RESULTS
In this section, we demonstrate the performance of primary and secondary users in the proposed spectrum sharing protocol. For ease of illustration, we let R pt = R st = 1 and η P = η S = 10dB. To reflect the relative locations of primary and secondary users, we let δ Fig. 4-Fig. 6 . Fig. 4 displays the steady-state probability π 1 with respect to the power allocation factor α. It is observed that with an increase in α, π 1 first decreases and then increases. From (12), this is reasonable as when α takes values close to 0 or 1, there is a significant difference between the power levels of the two interfering components received at S j , i.e., x P (t) and s i (t), which facilitates the decoding of x P (t) using SIC. In contrast, when α takes modest values, the power levels of these two components are comparable, thus it becomes difficult to decode either of them.
In Fig. 5 , the outage performance is demonstrated for both primary and secondary users in the proposed spectrum sharing protocol. With an increase in α, since less power is allocated to transmit the secondary message, the corresponding outage performance is degraded. Whereas for the primary system, with more power allocated to forward the primary message at each relay, a higher signal-to-noise ratio (SNR) can be achieved at PR, thus enhancing the outage performance. For comparison purposes, the outage performance of the primary user in the case without spectrum sharing, i.e., PT transmits to PR directly without relay, is also presented as a benchmark. It is observed that when α ≥ 0.55, a better outage performance can be achieved for the primary system than the case without spectrum sharing.
For better illustrations, the average throughput is also shown in Fig. 6 for both primary and secondary users, where similar trends can be observed as that in Fig. 5 . With an increase in α, on average a higher throughput can be achieved for the primary system. Whereas for the secondary system, although more access opportunities can be obtained with a higher α, the corresponding outage performance is severely degraded, thus reducing the corresponding average throughput. A benchmark for the throughput performance of the primary system in the case without spectrum sharing is also presented. When α ≥ 0.55, a higher throughput can be achieved.
From the above observations, under proper system designs, the bi-directional transmissions between two secondary users are effectively supported while significantly improving the primary performance.
VI. CONCLUSIONS
A cognitive spectrum sharing protocol based on the twopath relay channel was proposed to facilitate bi-directional communications between two secondary users, while not degrading the performance of the legacy primary system. Taking into account the memoryless nature of the proposed protocol, a Markov framework was established to analyze the state transitions between staying silent and accessing the spectrum of the secondary users, as well as the decoding of successive messages at PR. Simulation results demonstrated a performance gain for both systems. 
